Fully relativistic approach is applied to evaluation of the nuclear recoil effect on the bound-electron g factor in hydrogenlike ions to first order in the electron-to-nucleus mass ratio m/M and to all orders in αZ. The calculations are performed in the range 1 Z 20 for the g factors of 1s, 2s, 2p 1/2 , and 2p 3/2 states. The αZ-dependence of the nontrivial QED recoil contribution as a function of Z is studied.
I. INTRODUCTION
In recent decades, considerable progress in theoretical and experimental investigations of the bound-electron g factor in few-electron ions has been achieved (for review, see, e.g., Refs. [1, 2] and references therein). For instance, highprecision measurements of the g factor in hydrogenlike ions accompanied with the elaborate quantum electrodynamics (QED) calculations lead to the most accurate determination of the electron mass [3] [4] [5] [6] [7] [8] . On the other hand, comparing experimental data and theoretical predictions provides the most stringent test of the magnetic sector of bound-state QED to date. The g-factor investigations in lithiumlike [9] [10] [11] [12] [13] and boronlike [14] ions open possibilities to study the manyelectron QED effects on the Zeeman splitting. There are also proposals how to employ these studies for an independent determination of the fine-structure constant [15] [16] [17] .
The measurement of the isotope shift of the ground-state g factor in Li-like calcium [11] has triggered a special interest to the relativistic calculations of the g-factor contribution due to the nuclear recoil effect. The fully relativistic description of this effect on the atomic g factor requires the development of QED approaches which are beyond the usual Furry picture formalism [18] , i.e., beyond the external-field approximation which treats the nucleus merely as a source of the classical electromagnetic field. The first fully relativistic evaluation of the recoil contribution to the 1s g factor was performed in Ref. [19] using the QED formalism developed in Ref. [20] . In Ref. [21] , the effective four-component operators to treat the nuclear recoil effect on the atomic g factor within the lowestorder relativistic (Breit) approximation were derived. With the help of these operators, the most precise theoretical predictions for the nuclear recoil contribution to the bound-electron g factor in lithiumlike ions were obtained [21, 22] . A possibility to probe the fully relativistic QED recoil contribution on a few-percent level in a specific difference of the g factors of heavy H-and Li-like ions was discussed in Ref. [23] . Finally, the nuclear recoil contribution to the bound-electron g factor in B-like ions was considered in Refs. [24] [25] [26] .
The present study is devoted to the high-precision QED evaluation of the nuclear recoil effect on the bound-electron g factor of the 1s, 2s, 2p 1/2 , and 2p 3/2 states in H-like ions in the range Z = 1 − 20. For the s states, the previous calculations of the QED recoil contribution to the g factor are extended in order to cover all the ions within the range specified. For particular ions which were considered previously [19, 21] , the accuracy of the theoretical predictions is improved. For the 2p 1/2 state, to date this term was evaluated for Z 20
only [26] . The QED recoil contribution to the g factor of the 2p 3/2 state has not been yet considered. The αZ-dependence of all the obtained values is studied and the leading orders in αZ are extracted. The nuclear recoil effect on the g factor of few-electron ions comprises the one-electron contribution evaluated in the present work and the many-electron contributions which can be calculated within the Breit approximation employing the corresponding effective operators [21] . These calculations are in demand in view of the presently implemented ARTEMIS experiment [27, 28] at GSI in Darmstadt and ALPHATRAP experiment at the Max-Planck-Institut für Kernphysik (MPIK) in Heidelberg [14, 29] . These experiments are expected to attain the accuracy of 10 −9 − 10 −10 and better for the g factors of low-and high-Z few-electron ions [2] . Therefore, the proper treatment of the nuclear recoil effect on the bound-electron g factor is an urgent task. Relativistic units ( = 1, c = 1) and Heaviside charge unit (e 2 = 4πα, e < 0) are employed throughout the paper.
II. THEORETICAL METHODS
The fully relativistic theory of the nuclear recoil effect on the bound-electron g factor to first order in the electron-tonucleus mass ratio m/M and to all orders in αZ (α is the fine-structure constant and Z is the nuclear charge number) is formulated in Ref. [20] . Let us briefly review the basic results obtained therein for a hydrogenlike ion. The ion with a spinless nucleus is assumed to be placed into the homogeneous magnetic field H described by the classical vector potential of the form A cl (r) = [H × r]/2. Within the zeroth-order approximation, the electron obeys the Dirac equation with the spherically symmetric binding potential of the pointlike nucleus V (r) = −αZ/r,
where α and β are the Dirac matrices and p is the momentum operator. By replacing V in Eq. (1) with the potential of the extended nucleus, one can partially take into account the nuclear size correction to the recoil effect. For simplicity, we direct the z axis along the magnetic field, H = He z . Then, the contribution to the Dirac Hamiltonian due to the coupling with H reads as follows: −eα · A cl (r) = µ 0 Hm [r × α] z , where µ 0 = |e|/2m is the Bohr magneton. According to Ref. [20] , the nuclear recoil contribution to the g factor of the state |a with the Dirac energy ε a and the angular momentum projection m a is conveniently represented by the sum of two terms, ∆g = ∆g L + ∆g H , where
Here |δa = εn =εa n |n n|[r × α] z |a (ε a − ε n ) −1 is the wave-function correction due to the external magnetic field,
is the transverse part of the photon propagator in the Coulomb gauge with the branch of the square root fixed by the condition ℑ √ ω 2 + i0 > 0. The summation over the repeated indices is implied. The zero-energy-transfer limit ω → 0 of the vector D k (ω) appearing in Eq. (2) has the form
Therefore, the vector product [r × D(0)] z in Eq. (2) can be also written as αZ[r × α] z /2r. The low-order contribution ∆g L can be derived from the relativistic Breit equation. The operators p 2 and [r × p] z ≡ l z (l z is the orbital angular momentum) in Eq. (2) correspond to the nonrelativistic limit whereas the terms with the vector D(0) provide the lowest-order relativistic correction. In the meantime, the derivation of the higher-order part ∆g H requires application of bound-state QED beyond the Breit approximation. For this reason, in the following we will refer to this part as the QED one. We should note that the formalism developed in Ref. [20] can be easily adopted to treat the nuclear recoil effect on the bound-electron g factors of ions with one electron over the closed shells. To this end, the representation in which the closed shells are regarded as belonging to the vacuum is to be employed, see, e.g., Refs. [21, 30] .
In the case of the pointlike nucleus which is considered in the present study, the calculations of the low-order part ∆g L can be performed analytically for arbitrary state of the hydrogenlike ion. The operators p 2 and p · D(0) in Eq. (2) are invariant under rotation. Therefore, only the component of |δa possessing the same angular quantum numbers as the unperturbed wave function |a contributes. This component can be obtained by employing the generalized virial relations for the Dirac equation [31] , which result in
where
Here κ is the Dirac angular quantum number of the state |a , j = |κ| − 1/2 is the total angular momentum, and g and f are the large and small radial components of the unperturbed wave function
Applying the formulas presented in Ref. [31] , one can obtain the following expression for the low-order part of the nuclear recoil contribution to the bound-electron g factor [20] in the point-nucleus case,
For the n = 1 and n = 2 states, Eq. (10) leads to ∆g
where γ 1 = 1 − (αZ) 2 and γ 2 = 4 − (αZ) 2 . The leading orders in αZ read as
∆g
It is seen that for the s states (κ = −1) the nonrelativistic contribution to ∆g L vanishes, and the αZ-expansion starts with the term of the pure relativistic [∼ (αZ) 2 ] origin. For the p states (κ = 1 or κ = −2), there is a nonzero nonrelativistic limit of the nuclear recoil effect on the bound-electron g factor. The higher-order part ∆g H is evaluated numerically. It is naturally divided into three contributions depending on the number of the D vectors. The term without D is referred to as the "Coulomb" (Coul) contribution while the terms including one and two D vectors are termed as the "onetransverse-photon" (tr1) and "two-transverse-photon" (tr2) contributions, respectively. The ω integration for the simplest Coulomb contribution can be carried out analytically by employing Cauchy's residue theorem,
where the notation n < 0 implies that the corresponding summation runs over the negative-energy part of the spectrum only, ε n −mc 2 . The ω integration for the ∆g tr1 H and ∆g tr2 H terms is performed numerically using Wick's rotation. An example of the integration contour employed in the present calculations is shown in Fig. 1 . The branch cuts of the photon propagator (4), the poles of the Green's function G(ω + ε a ), and the pole 1/(ω + i0) of the vector B k (ω) are depicted as well. The contour is chosen to avoid the singularities near ω = 0 and go around the poles of the bound states with ε n < ε a . This is done since particular care is required at low values of the integration variable ω. As it is for the low-order part ∆g L , the expression sandwiched between |a and |δa in Eq. (3) conserves the angular quantum numbers. For this reason, the Eqs. (6)-(8) can be also employed to calculate the corresponding contribution to the higher-order part. Finally, the summation over the intermediate electron states is carried out using the finite basis sets constructed from B splines [32, 33] .
III. RESULTS AND DISCUSSION
In this section, we present our results for the nontrivial QED part of the nuclear recoil effect on the bound-electron g factor of the 1s, 2s, 2p 1/2 , and 2p 3/2 states in hydrogenlike ions with Z = 1 − 20 evaluated for pointlike nuclei. For further consideration, it is useful to introduce the dimensionless functions P (k|n) (αZ) defined as
where n is the principal quantum number and arbitrary integer k can be chosen for the convenient representation of the results.
The higher-order nuclear recoil contributions to the 1s and 2s g factors are presented in Tables I and II, respectively. The results are shown in terms of the function P (5|1) (αZ) for the 1s state and P (5|2) (αZ) for the 2s state. For particular ions, this contribution was considered earlier in Refs. [11, 19, 21] . Our present results are in agreement with the previous ones but are given to a higher accuracy. The uncertainties are es- timated by studying the convergence of the ω integration in Eq. (3) as well as by increasing the size of the basis employed. When the uncertainty is not specified, all the digits presented are assumed to be correct.
In Ref. [19] , the behavior of the higher-order contribution ∆g H for the 1s state as a function of αZ when Z tends to zero was studied. It was found that the total result exhibits the (αZ) 5 behavior, whereas the one-transverse-photon and twotransverse-photon terms taken separately behave as (αZ) 4 . Moreover, the individual contributions to ∆g tr1 H , namely, the part with and without |δa , include even the lower power of αZ and manifest the (αZ) 3 behavior. In the present work, we study the QED recoil contribution to the 1s and 2s g factors for small Z. It turns out that the higher-order part of the nuclear recoil effect ∆g H is rather similar for the g factors of both s states. This fact is clearly demonstrated in Figs. 2  and 3 where the Coulomb, one-transverse-photon, and twotransverse-photon contributions as well as the total values of the ∆g H correction are plotted for the 1s and 2s states in terms of the functions P (4|1) (αZ) and P (4|2) (αZ), respectively. One can see that for both states these functions for the ∆g tr1 H and ∆g tr2 H terms possess nonzero limits at αZ → 0 which cancel each other in the sum. The appearance of the curves is almost the same. We have performed our calculations for a series of Z including fractional values and fitted the results using the least-squares method to the form
By analyzing the dependence of the results on the number of the varying parameters in the fit and the number of the fitting points, we have found that for the 1s state A 51 1s = −5.1(2) and A 50 1s = −6.6(5) and for the 2s state A 51 2s = −5.1(2) and A 50 2s = −6.2 (5) . The coefficients obtained for the 1s state are in agreement with those of Ref. [19] but have higher accuracy.
Since the coefficients of the logarithmic terms for the 1s and 2s states in Eqs. (21) and (22) are the same, at least within the numerical uncertainty of the present fit, it is also useful to consider the weighted difference η ≡ 8∆g 2s H − ∆g 1s H [we remind that, compared to the 1s state, for the 2s state the additional factor 1/8 is separated in the definition of the function P (αZ)]. In Fig. 4 , the difference η is plotted together with the individual contributions to it in terms of the function Q (5) (αZ) defined according to
The plots in Fig. 4 clearly show that the logarithmic terms indeed cancel each other in this difference. Moreover, the terms of the order (αZ) 4 vanish in the one-transverse-photon and two-transverse-photon contributions into the difference η. Finally, the leading terms of the order (αZ) 5 in the Coulomb parts of ∆g 1s H and ∆g 2s H also cancel each other. Therefore, the limit of Q (5) (αZ) at αZ → 0 is finite and it is related with the coefficients A 50 1s and A 50 2s in Eqs. (21) and (22) as follows Q (5) The limit of the function Q (5) (αZ) at αZ → 0 can be determined by the least-squares fitting. We obtain Q (5) (0) = 0.43 for the total value of the weighted difference η and Q
tr2 (0) = 0.16 for the Coulomb, one-transverse-photon, and two-transverse-photon contributions, respectively.
The QED recoil contributions to the g factors of the 2p 1/2 and 2p 3/2 states are given in Tables III and IV, respectively. For illustrative purposes, the results obtained are also plotted in Figs. 5 and 6. We note that for the p states the ∆g H contribution possesses the (αZ) 3 behavior in contrast to the (αZ) 5 behavior found for the s states. This fact is apparently related to the existence of the nonzero nonrelativistic limit for ∆g 2pj L in Eqs. (17) and (18) whereas the low-order contributions ∆g 1s L and ∆g 2s L in Eqs. (15) and (16) are of the pure relativistic origin. For these reasons, the results in Tables III and IV and in Figs. 5 and 6 are expressed in terms of the function P (3|2) (αZ). From these data, one can conclude that for small Z the higher-order part of the nuclear recoil effect for the 2p 1/2 and 2p 3/2 g states is determined mainly by the onetransverse-photon contribution. The two-transverse-photon contribution is of the next order in αZ while the Coulomb contribution is almost negligible.
Evaluating the limits of the QED recoil contributions to the g factors of the 2p 1/2 and 2p 3/2 states at αZ → 0, we obtain P (3|2) Based on Eqs. (17) , (18) , and (26), we note that the ratio of the QED recoil contributions to the g factor of the p states coincides with the analogous ratio for the low-order parts in 
In the recent experiment [14] , the ground-state g factor of 40 Ar 13+ was measured to an accuracy of 10 −9 . The higher-order QED term evaluated in this paper amounts to ∆g H [ 40 Ar 13+ ] = 2.1 · 10 −9 . This contribution, which is two times larger than the to-date experimental uncertainty, has to be taken into account, provided the many-electron QED and recoil corrections are evaluated to the required accuracy [14] .
In addition, the theoretical value of the isotope shift in the atomic g factor is determined mainly by the nuclear recoil and nuclear size effects. The measurement of the isotope difference of the bound-electron g factor in lithiumlike calcium [11] and the corresponding theoretical calculation [21] being in good agreement with each other pave the way for QED tests beyond the Furry picture at the strong coupling regime. In this regard, the high-precision measurements of the isotope shift of the bound-electron g factor in boronlike ions are highly anticipated since the isotope dependence of the Zeeman effect can be evaluated to a very high accuracy exceeding significantly the accuracy of the g-factor calculations.
IV. CONCLUSION
To summarize, in this paper we have evaluated the nuclear recoil effect of first order in m/M on the bound-electron g factors of the n = 1 and n = 2 states in H-like ions in the range Z = 1 − 20. The calculations are performed to all orders in αZ by employing the fully relativistic approach. The numerical analysis of the behavior of the nuclear recoil contributions as functions of Z is conducted. As the result, the most accurate theoretical predictions of the first-order in m/M nuclear recoil effect on the bound-electron g factor in hydrogenlike ions are obtained. The performed study is in demand in connection with the forthcoming experiments at the HITRAP/FAIR in Darmstadt and at the MPIK in Heidelberg.
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